A solvable model of the scattering of a one-dimensional particle by the familiar "middle-third" Cantor set is considered. It is shown that the presence of positive energy levels in such a model is typical. From the high-energy behavior of the scattering, data computation of the Hausdorff dimension of the scatterer is suggested.
I. INTRODUCTION
In recent years the class of solvable models in quantum mechanics has been essentially enlarged by means of extension theories. lV2 This approach seems to become the most advantageous tool for the investigation of the quantum systems with singular interactions, supported by thin manifolds or null-measure sets (with respect to the Lebesgue measure), see Refs. 3-5.
The other point of view on the subject is that the set of "singularities" of the interaction is regarded as a support of a family of singular measures or distributions in configuration space, which should "define" the interactions. Actually, an attractive class of models is generated by scattering problems by fractal sets. For so-called recursive (self-similar) fractals6 a natural homogeneous measure exists, thus these fractals are the most convenient for the aprobation of extension theory methods.
In this article we consider the simplest case of scattering by the Cantor bar, provided with the corresponding homogeneous singular continuous measure p supppc r-b il.
Specifically, let C be the ternary Cantor set which is constructed as follows. Let E. be the interval [-i, $J. Let El be the set obtained by deleting the middle third of E,, so that El consists of the two intervals r-f, -i] and [i, i] . Deleting the middle third of these intervals gives E2. We continue in this way, with Ek obtained by deleting the middle third of each interval in Ek-,. The middle-third Cantor set is the intersection C= fl &,Ek.
We construct a homogenuous measure /.L on the Cantor bar as follows. Split a unit mass so that the both left and right intervals of El have mass 4. Divide the mass on each interval of El between the two subintervals of E2 in the ratio 1:l. Continue in this way, so that the mass on each interval of Ek is divided in the ratio 1:l between its two subintervals in Ek+l. This process defines a mass distribution p on the Cantor bar, which we call a homogeneous measure.
The Hamiltonian of the model is heuristically given by the rank-one perturbation of the one-dimensional Laplace operator H,xf-= -f"+$ (f,ph l/p being the coupling constant. In Sec. II we give a rigorous meaning to the formal operator Hg in p representation by means of the extension theory. In this case of rank-one perturbation by generalized vector p all the scattering data can be computed from the characteristic function of the positive homogeneous Cantor measure u(p) = s eipx dp(x).
II. THE HAMILTONIAN AND STATIONARY SCATTERING THEORY
We start with the symmetric restriction he of the self-adjoint (s.a.) one-dimensional Laplacian h on the axis R
The operator h, is easily seen to be the densely defined symmetric operator with deficiency indicies ( 1,l) and it has a one-parameter family of s.a. 
and u(p) is the Fourier transform of the measure p. Let us note that by replacing the Cantor measure by the Dirac distribution concentrated at the origin one obtains the standard point interaction.lt7 The corresponding Fourier transform of the Dirac distribution is equal to 1 and Eqs. (3), (4) give in this case the resolvent of the one-center point interaction Hamiltonian. ' From Eqs. (3) , (4) we conclude that the generalized t matrix of the problem has an integral kernel $(p,k,z) given by (5) The corresponding generalized eigenfunctions associated with HP can be expressed in terms of the t matrix (see Ref. 8) as ,jj' (x,k) =ekikx+ s dp e@X tB;Tf$' =e+ikr+ z(k) U(P) d,(k*~zCI) s dp e@ p2-k2ri0'
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The corresponding reflection coefficient then reads
where ds( kz) =da(z) denotes the perturbation determinant d8@)=B+ s
Here "VP" means principle value. All the spectral properties of the considered Hamiltonian are determined by analytic properties of the function ds(z), e.g., its roots correspond to the eigenvalues of the Hamiltonian.
Ill. ANALYTIC PROPERTIES OF THE PERTURBATION DETERMINANT
We start by the computation of the Fourier transform of the homogeneous Cantor measure p on the interval r---i, i]. For the sake of completeness of the treatment we note Lemma I: The Fourier transform of the Cantor measure p is given by the infinite product (10) converging uniformly on every compact set of the complex plane and resulting in an even entire function of the exponential type 4 bounded by 1 on the real axis having real zeros pl,,=3'(n +;)T, nEZ, 1=1,2 ,... Prooj Using the self-similarity property of the homogeneous measure p we have 
ProoJ The proof is an immediate consequence of the simple fact the the function e%(p) exponentially decreases in the upper half plane (lower half plane) for x > 4 (x < -f), since u(p) is the Fourier transform of the finite measure with supp pC [-f, i] .
The explicit computation of the perturbation determinant uses similar ideas, but not in a such straightforward way.
Lemma 3: 
Re ds(k2> =8-z [$,
Thus the reflection coefficient can be represented as
IV. SPECTRAL PROPERTIES OF THE HAMILTONIAN
Obviously the spectral properties of Hs are determined by the singularities of the scattering matrix S(k) on the spectral sheet Im k > 0. The cut z > 0 (the real axis in k plane) corresponds to the continuous spectrum of Hs. Of interest is the position of the eigenvalues of Hs.
The negative discrete spectrum E= -2 is determined by zeros k= iK, K > 0, of the function d,(p) in the upper half plane $( -2) +I+; ,r; e-2K~31;eh ; . 0
There are no eigenvalues for positive P and for negative /I there is the only one of them. If p < 0, ( p I+ 1, then there exists a unique eigenvalue with asymptotic behavior -2 --(r/8)2. The corresponding eigenfunction exponentially decreases at intinity. As for the positive eigenvalues, they lie on the set of positive zeros of the function da(z). Lemma 4: For each value of the coupling constant /3 there exists only a finite set of positive eigenvalues. The singular continuous spectrum is empty. Positive eigenvalues coincide with real zeros of the perturbation determinant ds( k2). The corresponding eigenfunctions vanish outside the bar. Pro08 I.& K be a real zero of ds( k2). Then u2( K) =0, and a( K) =p. Being an entire function, u has only simple zeros or zeros of the higher multiplicity. Therefore in this case the formal solution of the homogeneous equation =t?y belongs to L2( R), being an eigenfunction of HD corresponding to the eigenvalue > 0. Being an entire function of the order 4 it has the original F(p)e-'@ dp, 00 which vanishes outside the bar. Being an element of L2 (R), this eigenfunction vanishes outside the bar for sure. Remark 2: The critical set 93 of the inverse coupling constants j3 for values of those positive eigenvalues does exist, and coincides with the set of the values of {u(k)} on the set of zeros of the function U: {kl,=3'(n+f)a}.
It is interesting, that this set is also self-similar
Really, the function a has the property Wkd =ba(kd.
Thus, if fl~.%7, then /3/6l~L?3, 1=1,2 ,... It means that for fi small enough the existence of positive bound states "living" only on the fractal is rather typical. 
is rather irregular at infinity, k + 00. Actually, a renormalized reflection coefficient
shows rather a chaotic behavior. Note, that
Here, being an entire function, u2 is rather smooth on every bounded interval of the real axis. But the factor ll&' cos2 3'k. u2( k) has properties, which are similar to those of noise, if N is sufficiently large (see, i.e., Ref. 9) . Nevertheless, the averaged function
has a regular behavior at infinity, R -, ~13 u2(p)dp=3N u2UNp)dp Note that for scattering by the S potential, the analogous integral behaves like E1'2 and for the usual potential scattering [by a smooth (absolute continuous) measure] it converges. Moreover, this formula shows a way for the determination of the Hausdortf dimension K of the scatterer from the high-energy behavior of the scattering data.
VI. DISCUSSION AND GENERALIZATIONS
The program described above is easy to fulfill for Hamiltonians extended from the domains corresponding to any finite deficiency indices, i.e., submitted to several conditions of orthogonality, e.g., s f(x)q(xbwx) =o, with some finite-dimensional set of densities q(x), given in a form of trigonometric polynomials q(x)= 2 a/.gQ-T k=l Then instead of one function u(p) it appears as a family of shifted functions r+(p) = s e'P"q(x)dkJ(x) = 2 aku(p-tAk). The suggested scheme could be generalized to the n-dimensional case. The only restriction here is that the fractal should not be too "thin," just to keep the interaction on it. If we deal with the Laplace operator, then the homogeneous measure should belong to the Sobolev class Hm2. Moreover, if it belongs to H-,, then the scheme is entirely valid. In particular, the representations for the resolvents (3), (4) hold without changes, the only difference is that the variable p [see Eq. (3)] should be regarded as an n-dimensional vector. If p EH-~ only, then the scheme needs some special regularization procedure, which is similar to those used in the case of thin manifolds (see Refs. 3, 4) .
Finally, let us note that for the described scheme it is not essential to demand that the fractal measure should be a purely singular continuous one with respect to the Lebesgue measure. It may have absolutely continuous or singular discrete parts which can be separated and treated in the usual way.
